Abstract. Given a self-similar set K in W we prove that the strong open set condition and the open set condition are both equivalent to Ha(K) > 0, where a is the similarity dimension of K and H" denotes the Hausdorff measure of this dimension. As an application we show for the case a = s that K possesses inner points iff it is not a Lebesgue null set.
Introduction
In the study of fractal geometry, the first simple examples arise in the following manner: Given 7Y contracting similitudes / , i = I,... , N, on W there exists a unique nonempty compact K such that K = \jf=l /(AT), a so-called self-similar fractal. The first observation in this context is that the similarity dimension a and the Hausdorff dimension of K (all terms are made precise in §1) coincide if the "pieces" fiiK) are pairwise disjoint. This result remains true if the pieces have only "small overlap", which is sometimes called "just touching". To describe this separation property Hutchinson gave the following definition: the open set condition (OSC) is fulfilled iff there is a nonempty open set G such that the sets f(G) are disjoint and contained in G. Since the intersection of G and K may be empty, Lalley strengthened the definition as follows: the strong open set condition (SOSC) holds iff furthermore GnK ¿ 0.
Then the following chain of implications is well known [3, 4, 6, 7] SOSC => OSC => HaiK) >0=>dimK = a (by Ha wemeantheHausdorffmeasureandby dim the Hausdorff dimension). An example due to Mattila clarifies that the last implication may not be inverted:
Take a nonconnected Sierpinski gasket in R2, i.e., for z = 1, 2, 3 set /(x) = x, + (x-x,)/3 with xi =0, x2 = (1, 0), and x3 = (1/2, l/2-\/3). This fractal K obviously fulfills the SOSC with a = 1. Therefore (see [3, 4] ), Lebesgue almost all projections on a one-dimensional subspace of R2 (which are again self-similar sets) have dimension 1 but zero Ü1 measure.
The question whether the other implications are equivalences was open. So several efforts were made to reduce in certain theorems the assumption SOSC to OSC (see, e.g., [5] ) or to give other characterizations for the positivity of HaiK). Bandt and Graf developed in [1] an algebraic condition which is equivalent to HaiK) > 0. Their paper was the starting point of this investigation, which will show that the first two implications are really equivalences.
Finally we will give an application of the main theorem to get in the case a = s the following proposition: K has interior points iff K is not a Lebesgue null set. The question whether in the "overlapping" case a > s each self-similar set with positive Lebesgue measure possesses interior points remains open.
Notation and definitions
We consider W ( Note that without any further assumption Ha(K) < oo holds for any selfsimilar set (cf. [6, p. 735]).
The theorem
We start with the crucial implication. It has to be mentioned that the observation that y < oo in the following proof is due to [1] . Nevertheless, we give the proof for the sake of completeness.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use implies that the intersection of two of these atoms is an üa-null set.) (2) Let 1/3 > e > 0. We abbreviate (assuming without loss of generality diamAT to be small enough to ensure diamtr^ < 1) Gk = U(erk, .rît), 7(k) = {i G idiamGt :KinGtl¿0}, and y = sup#ik k (where # C denotes the cardinality of C). We prove y < oo . Since r¡ > brmiD > r¡rmin holds for i, j G i¿, we may and do apply (1) for x = '"min to get ô > 0 such that d(Kt, K¡) >ôrx for arbitrary b and different i, j G i¿ . This in turn implies the existence of y £ K such that (*) d(fi(y),fi(y))>ôri.
Given another point z £ K such that d(y, z) < <5rmin/3 we get d(fi(y), f\(z)) < rxô/3 and d(f¡(y), f\(z)) < rjfJrmin/3 < r¡r5/3, so (*) holds also for z with S/3 instead of S. So we fix a finite set Z c K whose 3/3 neighborhood covers K. Then for all k and all different i, j G i(k) there exists z G Z such that d(fi(z),fi(z))>ôri/3>ôdrmiD/3 (where d :-diam Gk).
Intending to apply Ramsey's Theorem [2] , we fix z g Z and consider I c i(k) such that for two members of I the fixed z fulfills the above inequality. All we have to do is to show that # I is bounded by a constant independent of k. First we observe that the sets U(ôdrmin/6, f(z) 
